Background: The 29 F system is located at the western boundary of the "island of inversion" and is an exotic, weakly bound system. Little is known about this system beyond its two-neutron separation energy (S2n) with large uncertainties. A similar situation is found for the low-lying spectrum of its unbound binary subsystem 28 F.
I. INTRODUCTION
The astonishing developments in the new generation of radioactive ion beam facilities have triggered many investigations to understand the shell evolution when moving away from the stability valley towards the far Easternregion of the nuclear chart in the neutron-rich sea. The disappearance of the large shell gap at neutron number N = 20 was reported almost four decades ago [1] [2] [3] . The small region around N ∼ 20 gained extensive attention of the nuclear physics community and is popularly known as "island of inversion" [4] . The natives of this island display exotic structural features such as dampening of shell gaps [5] , formation of halo and deformed structures [6, 7] .
A large portion of this island is covered by the neutronrich medium-mass isotopes of Ne, Na and Mg [4] . The reduced shell gap accommodates the indicative mixing of intruder pf -shell with the conventional sd-shell neutron configurations [8] [9] [10] , leading in some cases to the dominance of intruder configurations in their ground-state. Substantial efforts have been dedicated to track down the boundaries of the island of inversion and the propagation of intruder configurations along isotopic chains. For the high-Z side of the island (Z ≥ 13), the weak-ening of intruder configurations for N ≤ 18 have been confirmed by sd shell-model calculations [11] .
The lower-Z side of the island (Z ≤ 9), however, has been relatively less explored. The fluorine isotopic chain provides interesting candidates to explore the extent of these intruder components in the ground state with N ≥ 19. Little information is available on the properties of F isotopes with N ≥ 18. Very recently, the fluorine dripline has been experimentally confirmed in 31 F [12] . The 27 F nucleus, sitting at the western border of the island, shows signatures of intruder pf -shell component in its excited state [13] , contrary to its ground state, which is confirmed to be sd-shell by mass measurements [14] . Also, possible indications of pf -intruder components in the ground state of the unbound 28 F system have been reported in proton-knockout measurements [15, 16] .
For the present study, we focus on the medium-mass open shell nucleus 29 F (Z = 9 and N = 20), whose structure is crucial for understanding the extent of the island of inversion and the shell-evolution across the F isotopic chain. The experimental and evaluated two-neutron separation energy of 29 F are S 2n = 1.443(436) MeV [17] and 1.440(650) MeV [18] , respectively. On the theoretical side, shell-model calculations [19] reported much smaller S 2n values with large uncertainties upon the different choices of the interactions [8, 11, 20] . A recent 29 F measurement obtained with in-beam gamma ray spectroscopy, along with the observation of only one bound excited state, signals the necessity of neutron orbits beyond N = 20 for a correct description of this nucleus [19] .
Since 28 F is neutron unbound, it is reasonable to assume that the correlation between the two valence neutrons in 29 F plays an important role in binding the system. In this sense, the 29 F nucleus, understood as a 27 F core plus two valence neutrons, provides an example of Borromean system, such as the well studied two-neutron halo nuclei 6 He or 11 Li [21] . In view of three-body models giving a good description of the structure properties of Borromean nuclei, we aim to report the first three-body calculations for the configuration mixing and matter radius of the ground state of 29 F, exploring the possibility of halo formation in this region of the nuclear chart, well beyond the heaviest known two-neutron halo 22 C [22, 23] . For this purpose, we solve the three-body problem in hyperspherical coordinates [24, 25] . Here, continuum states of the two-body 28 F subsystem play a crucial role, as they provide the relevant information to fix the 27 F + n potential to be used within any three-body calculations. Experimentally, the spectrum of 28 F provides moderate support for a two-resonance structure with the low-lying state at 220 ± 50 keV and a high-lying resonance at 810 keV [15, 16] , their spin-parity assignment being unclear. This limited information will be used in the following to constrain different potential parameter sets and to investigate the sensitivity of the 29 F properties to the lowlying spectrum of 28 F. Given the uncertainties in the twoneutron separation energy, we will explore also its effect on the configuration mixing and matter radius, discussing different scenarios.
The paper is organized as follows. Section II briefly describes the formulation of our three-body structure model. In Sec. III we analyze the subsystem 28 F and fix the four different models for core + n potential, consistent with the available experimental data and theoretical predictions. Section IV presents our results for the threebody system 27 F + n + n, focusing on the configuration mixing in the ground state of 29 F with different S 2n values along with matter radii under different assumptions for the 28 F subsystem. Finally, the main conclusions are summarized in Sec. V.
II. MODEL FORMULATION
Within the hyperspherical formalism [24, 25] , the Hamiltonian eigenstates of a three-body system can be written as
where ρ 2 = x 2 + y 2 is the hyperradius defined from the usual Jacobi coordinates {x, y}, and Ω = {α, x, y} represents all the angular dependence, comprising the hyperangle α = arctan (x/y). Note that there are three possible choices of Jacobi coordinates, although a fixed set will be assumed here for simplicity. In Eq. (1), label β ≡ {K, l x , l y , l, S x , j ab }j is typically referred to as channel, so that R β (ρ) is the radial wave function for each one, and functions Y β (Ω) are states of good total angular momentum j following the coupling order
Here, Υ lxly Klm l (Ω) are the hyperspherical harmonics [24] , eigenstates of the hypermomentum operator K. It is then clear that l = l x + l y , S x is the total spin of the two particles related by the x coordinate, j ab = l + S x , and I stands for the spin of the core nucleus, which is assumed to be fixed. More details can be found, for instance, in Ref. [26] .
In order to determine the radial functions for a given system, we use the pseudostate method [27] , which consists in diagonalizing the Hamiltonian in a suitable basis. In this approach, in addition to negative-energy eigenstates associated to bound states, the resulting positiveenergy eigenstates (or pseudostates) provide a discrete representation of the continuum. In the present work, however, we focus only on bound states. Then, radial functions will be written as
where the index i counts the number of basis functions, or hyperradial excitations, and C iβ are just diagonalization coefficients. For this purpose, different bases can be used [28] [29] [30] , but in the present work we employ the analytical transformed harmonic oscillator (THO) basis [31] . The diagonalization of the three-body Hamiltonian requires the computation of the corresponding kinetic energy and potential matrix elements. With the above definition in hyperspherical coordinates, we can write [32, 33] 
for the kinetic energy operator, where m is a normalization mass, typically the mass of the nucleon, while the coupling potentials are given by
(5) In this expression, V ij are the corresponding two-body interactions within the three-body composite, which are fixed by the known experimental information on the binary subsystems. Then, a phenomenological three-body force V 3b (ρ) is customarily introduced to account for effects not explicitly included in a three-body picture with two-body interactions alone [30, 31, 33, 34] . This term can be used as the only free parameter in this model, to adjust the energy of the states to their known experimental value, if available. Note that some authors use instead a scaling parameter or renormalization factor in the binary potentials to fix the three-body energies [28, 35, 36] .
The spectral properties of core + n subsystems play a fundamental role in the structure of Borromean threebody nuclei, as the corresponding potential enters explicitly in the Hamiltonian through Eq. (5) . In the present case, this amounts to fixing a 27 F + n potential to describe the low-lying continuum spectrum of 28 F. Though N = 18 is open in the 1d 3/2 subshell, we still model 28 F as a 27 F core surrounded by an unbound neutron moving in d 3/2 , f 7/2 and p 3/2 orbitals in a simple independentparticle shell-model picture. While the separation between core and valence neutron is not so clear in this system, for simplicity we consider an inert-core approximation, in such a way that any possible effects coming from internal rearrangements or core-valence exchange will be somehow contained in l-dependent potential parameters. Note that a similar approach has been followed in other three-body calculations, for instance, the 14 Be + n subsystem for the description of 16 Be [37] . Moreover, we disregard the spin of the unpaired proton in 27 F, since we consider only neutron degrees of freedom. This will simplify the construction of the 29 F three-body groundstate wave function as a 0 + state.
The only experimental study on the spectrum of the neutron unbound 28 F reports the indication of two resonances at low energies (< 1 MeV) by making use of the invariant mass spectroscopy technique [15, 16] . However, due to experimental limitations, this does not rule out the existence of other possibilities such as a single resonant structure or more than two states, and in any case the spin-parity assignment is not clear at all. Under this uncertain experimental situation, we construct the 27 F + n potential including central and spin-orbit terms with Woods-Saxon geometry,
where V 0 can be in general l-dependent, and f (r)
. The spin-orbit interaction in Eq. (6) is written in terms of the Compton wavelength λ π = 1.414 fm. By following the prescription of Ref. [38] , the spin-orbit strength is set to follow the systematics [39] and is V ls = 17.333 MeV. The values of r 0 = 1.25 fm and a = 0.75 fm are also adopted from the Ref. [38] , originally suggested for 31 Ne.
Considering the limited experimental information, we examine four different scenarios for the present study, with the corresponding sets of potential parameters listed in Table I . In Set A, V 0 is chosen to be l-independent and adjusted to fix the d 3/2 ground-state resonance of 28 F at 0.20 MeV, corresponding to the lowest peak reported in Ref. [15] . This set follows the standard shell-model scenario, with an additional f 7/2 resonance appearing at relatively higher energy, ∼ 3 MeV.
In order to explore the interference of pf -shell with conventional sd-shell, we consider an intruder scenario defined by Set B. In this case we have tuned the p-wave strength so that the p 3/2 resonance coincides with the position of the second peak reported in Ref. [15] . For this set, we use the same depth (V 0 ) for the negativeparity states, which pushes the f 7/2 resonance to a lower energy with respect to Set A.
For neutron-rich Ne isotopes, Monte Carlo shell-model calculations suggest that the 3/2 + and 3/2 − states are practically degenerate, pointing towards extreme gap quenching between d 3/2 and p 3/2 [40] . We consider the possibility of a degenerate scenario for the F isotopic chain by introducing Set C, in which we change only the p-wave strength with respect to Set A.
Finally, we propose an additional, extreme inverted scenario assuming the ground state of 27 F to be the pwave resonance, while the d-and f -states are pushed to higher energies. This set is included to later explore the increment of p-wave content in the ground state of the 29 F three-body system, which may significantly affect the corresponding radius and the discussion regarding the possibility of halo formation in this nucleus. The phase shifts corresponding to d 3/2 , p 3/2 and f 7/2 states of 28 F for all potential sets A-D are plotted in Fig. 1 . The position and widths of these possible resonances are tabulated in Table I . In addition, our core + n potentials produce 1s 1/2 , 1p 3/2 , 1p 1/2 , 1d 5/2 and 2s 1/2 bound states which represent the fully occupied neutron orbitals of the core. Note that we use, for s waves, the potential depth V 0 = 39.67 MeV in all sets, while the potential for the p 1/2 state is always the same as the one employed for its p 3/2 partner in each case. These Pauli forbidden states would give rise to unphysical eigenstates of the three-body Hamiltonian, so they need to be removed for the three-body calculations discussed in the next section. In this work, this is achieved by means of a supersymmetric transformation [41, 42] , which yields spectrally equivalent potentials without the bound states.
IV. THREE-BODY ( 27 F + n + n) CALCULATIONS
Using the n + 27 F potentials described in the previous section, we compute the three-body ground-state of the 29 F nucleus considering that the two valence neutrons couple to 0 + . For that purpose, we need also the nn interaction. In this work, we adopt the Gogny-Pires-Tourreil (GPT) potential [43] including central, spin-orbit and tensor terms, as in Refs. [31, 33, 37] and several other three-body calculations in the literature. Then, as already introduced by Eq. (5), a phenomenological threebody force is employed to fix the energy of the state. This force can be modeled as a simple Gaussian potential [32] ,
where ρ o = 6 fm and the strength v 3b is adjusted to recover different S 2n values. In all the cases considered, |v 3b | < 6 MeV. The three-body Hamiltonian so obtained is diagonalized in a THO basis including angular components up to a maximum hypermomentum K max in the wave-function expansion (Eq. (1)) and i = 0, . . . , N excitations for the hyperradial functions (Eq. (3) ). This is done in the so-called Jacobi-T coordinate system in which the x coordinate relates the two neutrons. Note that, once K max is fixed, the orbital angular momenta associated to each Jacobi coordinate are restricted to l x + l y ≤ K [24] , and no additional truncation is needed. In this work, K max = 30 and N = 20 are found to provide converged results. It is worth noting that the particular choice of the nn interaction is not very important for the ground-state II. The contribution of different configurations (in %) and radial properties for the ground state of 29 F, with S2n = 1.440 MeV, corresponding to each model (A-D). Rm is the matter radius, while rnn and rc−nn are the root mean square distance between the valence neutrons and that of their center of mass with respect to the core, respectively (in fm). properties of core+n+n systems, as discussed in Ref. [24] , provided the interaction describes nn scattering data reasonably. We have checked this explicitly by employing a different parametrization, such as the potential given in Refs. [44, 45] . This nucleon-nucleon interaction provides less binding, so that slightly deeper three-body potential strengths are needed to recover the same three-body energies. Nevertheless, the resulting wave functions are practically indistinguishable, in terms of radii and partialwave content, from those obtained using the GPT potential.
In order to compute the 29 F matter radius within the present three-body model [32] , i.e.,
the size of the 27 F core is required as input. We have used R c = R m ( 27 F) = 3.218 fm, obtained from a 25 F+n + n calculation using the 25 F+n potential by Hagino and Sagawa [35] , fixing S 2n ( 27 F) to the experimental value by Gaudefroy et al. [17] and adopting the experimental value for core ( 25 F) matter radius from Ref. [46] . With this prescription, our core radius is somewhat consistent with the absorption radius extracted in Ref. [47] . However, given the uncertainties in the experimental values, our computed 29 F radii must be analyzed in relative terms, i.e., by comparing the results for different potential models and the relative increase between 27 F and 29 F. With all these ingredients, our three-body results for the ground state of 29 F using different choices of the core + n potential (A-D) are shown in Table II . In these calculations, S 2n has been fixed to the experimental value of 1.440 MeV [17, 18] . We report the partial wave content corresponding to the two valence neutrons occupying different single-particle states, together with the radial properties. To extract the former, the wave function following the couplings given by Eqs. (1) and (2) needs to be rewritten in an appropriate way. To that aim we perform first a transformation to the Jacobi-Y set in which the x coordinate connects the core with a single neutron. This representation is more similar to a typical shell-model picture, and it can be easily achieved from the Reynal-Revai coefficients [33, 48] . Subsequently, we change the coupling order in terms of a single-particle angular momentum J = l x + S x . Note that S x is just the spin of a single neutron in the Jacobi-Y set, provided we assume the core to have no spin.
As it can be clearly seen from Table II , when moving from Set A to D the p-wave content in the ground state increases, which leads to larger values for the matter radius. The results for Set A shows the dominance of normal shell-model d-wave component in the ground state leading to the smallest radius. On the other hand, for Sets B and C our results show mixing of intruder pand f -wave components with the normal d-wave configuration, as expected from the lower relative position of the negative-parity resonances when using these potentials, while Set D leads to p-wave intruder dominance in the ground state. We can look into the wave function in more detail by analyzing the corresponding probability densities in the Jacobi-T system, i.e., as a function of the distance between the valence neutrons (r nn ) and that between the center of mass of the neutrons and the core (r c−nn ). This is given by [24] P (x, y) = x 2 y 2 d xd y |Ψ(x, y)| 2 ,
Note that the relation between scaled Jacobi coordinates and the physical distances for a core + n + n system in the Jacobi-T set is [24] x = r nn 1 2 ,
Our density distributions according to these definitions are shown in Fig. 2 . Note that the number of maxima in these plots is related to the dominant wave-function components, so that three peaks reflect a significant d-wave contribution. It is apparent that the so-called dineutron configuration, i.e., the peak corresponding to twoneutrons close to each other at some distance from the core, is dominant and more localized for sets B and C. The dineutron maxima in these models accumulate about twice as much probability as the opposite "cigar"-like peak, in contrast to sets A and D in which this ratio is closer to unity. This is a consequence of a larger mixing between different-parity states when using sets B and C [49] , and resembles the case of the two-neutron halo nuclei 11 Li [50] or 14 Be [51] . With the adopted S 2n value, however, the spatial extension of the wave function is not as large, with respect to the core, as expected for a typical halo nucleus.
As already discussed, there are large uncertainties in the experimental and evaluated S 2n value [17, 18] , and also shell-model calculations predict much lower values (for details see Table I of Ref. [19] ). In view of these uncertainties, we explore the sensitivity of the configuration mixing and matter radius of the ground state with together with the central values already presented in Table II . As expected, a much shallower ground state yields a larger radius, as shown in Fig. 3 . However, it should be noted that the calculated radii are similar among the different scenarios considered, with differences just within a 2 % variation, so distinguishing between them may pose an experimental challenge. New and more precise experimental data on the two-neutron separation energy of 29 F and on the low-lying spectrum of 28 F are needed to better constrain the theoretical models and to discriminate between the different wave functions here presented. In addition, data on knockout or transfer reactions, sensitive to the partial wave content of the 29 F, are definitively desirable.
In Table III we also give the relative change in matter radius of 29 F with respect to radius of the 27 F core, ∆R = R m − R c . With the current uncertainties, the relative difference of the matter radius with respect to the 27 F core ranges between 0.1 -0.4 fm for different choices of potential sets and S 2n values. This number is much smaller than the corresponding ones for the well-established halo nuclei 6 He or 11 Li. The situation for the heaviest known two-neutron halo, 22 C, involves an increase of 0.45 fm with respect to the 20 C core [23] , which is likely just a consequence of the valence neutrons laying on a higher shell. In a simple estimation following the standard scaling of the radius through A 1/3 , for the present 29 F case we would expect ∆R 0.080 fm starting from the adopted core radius. Our three-body calculations show a mild enhancement with respect to this number, so we can tentatively conclude that the present study gives support for a moderate halo structure in the ground state of the 29 F. Such a statement needs experimental confirmation in interaction cross-section measurements. The larger ∆R values correspond to the cases in which the wave function contains a significant (p 3/2 ) 2 weight. As we show in Fig. 4 , the radius scales almost linearly with the p-wave content, pointing toward the necessity of intruder configurations to sustain halo formation in this nucleus.
V. SUMMARY AND CONCLUSIONS
We reported the first three-body ( 27 F + n + n) results for the configuration mixing and matter radius of the ground state of 29 F, giving special emphasis on dineutron correlations and the possibility of two-neutron halo formation. Considering the scarce available information on the unbound 28 F nucleus, we conceived four different scenarios for the low-lying spectrum of this subsystem. Then, we solved the three-body problem within the hyperspherical formalism using the analytical THO basis, exploring also the uncertainties in the S 2n value of 29 F.
Our results indicate mild to strong mixing of intruder pf -shell configurations with normal sd-shell components for different choices of the core+n potential. This mixing enhances the dineutron configuration in the ground-state density. The computed matter radii are within a 2% variation depending on the different choices of the 27 F+n interaction and S 2n values. This calls for new precise mass measurements and for a detailed understanding of the low-lying continuum spectrum of 28 F in order to better constrain the theoretical models. Additional transfer or knockout data, sensitive to the partial wave content of 29 F, could certainly help in discriminating among the different wave functions obtained in the present work.
The relative increase of matter radii with respect to 27 F core lies in the range 0.1 -0.4 fm in the different cases considered, which provides support for a moderate halo structure in the ground state of 29 F. The radius is found to be proportional to the (p 3/2 ) 2 content of the wave function, pointing out the relevance of intruder components in the development of the halo. Nevertheless this conclusion needs experimental confirmation via interaction cross-section measurements. 
